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Abstract. By using a generalized Bopp’s shift formulation, instead of the star product method, we inves-
tigate the Aharonov–Casher (AC) effect for a spin-1 neutral particle in non-commutative (NC) quantum
mechanics. After solving the Kemmer equations both on a non-commutative space and a non-commutative
phase space, we obtain the corrections to the topological phase of the AC effect for a spin-1 neutral particle
both on a NC space and a NC phase space.

PACS. 02.40.Gh, 11.10.Nx, 03.65.-w

1 Introduction

Recently, there has been an increasing interest in the study
of physics on a non-commutative space. Apart from non-
commutative field theories, there are many papers de-
voted to the study of various aspects of quantum mechan-
ics on a NC space with the usual (commutative) time
coordinate [1–11]. For example, theAharonov–Bohmphase
on a NC space and a NC phase space has been studied
in [1–6]. The Aharonov–Casher phase for a spin-1/2 par-
ticle on a NC space and a NC phase space has been studied
in [7, 8]. Some features of the AC effect for a spin-1 neutral
particle on a non-commutative space have been investigated
in [9] by using the star product formulation. It is interesting
to obtain the corrections to the topological phase of the AC
effect for a spin-1 neutral particle both on a NC space and
a NC phase space by using the newmethod in [6].
This article is organized as follows: in Sect. 2, by using

the Lagrangian formulation, we discuss the AC effect on
a commutative space. In Sect. 3, we study the AC effect
on a NC space and give a generalized formula of the AC
phase. In Sect. 4, a generalized formula of AC phase on
a NC phase space is given. The conclusions are presented in
the last section.

2 AC effect for spin-1 particles on
a commutative space-time

In this section, following [12], we review briefly the
Aharonov–Casher effect of a spin-1 particle on a commu-

a e-mail: kangli@hznu.edu.cn

tative space time. The Lagrangian for a free spin-1 particle
of massm is

L= φ̄ (iβν∂ν −m)φ , (1)

where the 10×10 matrices βν are a generalization of the
4× 4 Dirac gamma matrices, and they can be chosen as
follows [12–15]:

β0 =

⎛
⎜⎜⎝
Ô Ô I o†

Ô Ô Ô o†

I Ô Ô o†

o o o 0

⎞
⎟⎟⎠ ,

βj =

⎛
⎜⎜⎝
Ô Ô Ô −iKj†

Ô Ô Sj o†

Ô −Sj Ô o†

−iKj o o 0

⎞
⎟⎟⎠ ,

with j = 1, 2, 3. The elements of the 10×10matrices βν are
given by the matrices

Ô =

⎛
⎝
0 0 0
0 0 0
0 0 0

⎞
⎠ , I =

⎛
⎝
1 0 0
0 1 0
0 0 1

⎞
⎠ ,

S1 = i

⎛
⎝
0 0 0
0 0 −1
0 1 0

⎞
⎠ , S2 = i

⎛
⎝
0 0 1
0 0 0
−1 0 0

⎞
⎠ ,

S3 = i

⎛
⎝
0 −1 0
1 0 0
0 0 0

⎞
⎠ ,
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o=
(
0 0 0

)
, K1 =

(
1 0 0

)
,

K2 =
(
0 1 0

)
, K3 =

(
0 0 1

)
.

The above β matrices satisfy the following relation:

βνβλβρ+βρβλβν = βνgλρ+βρgνλ . (2)

Other algebraic properties of the Kemmer β matrices were
given in [13]; the metric tensor is gλρ =diag(1,−1,−1,−1).
The Kemmer equation of motion is

(iβν∂ν −m)φ= 0 . (3)

The Lagrangian for a spin-1 neutral particle with a mag-
netic dipole moment µm interacting with the electromag-
netic field has the form

L= φ̄

(
iβν∂ν+

1

2
µmSλρF

λρ−m

)
φ , (4)

where Fλρ is the field strength of the electromagnetic field;
Sλρ is the Dirac σλρ-like spin operator, which can be de-
fined as

Sλρ =
1

2
(βλβρ−βρβλ) . (5)

It follows that in the presence of an electromagnetic field,
the Kemmer equation of motion of a spin-1 neutral particle
with a magnetic moment µm is

(
iβν∂ν +

1

2
µmSλρF

λρ−m

)
φ= 0 . (6)

The aim is to find a solution of the above equation, which
can be written in the following form:

φ= e−iξ3
∫ r A′ drφ0, (7)

where φ0 is a solution of (3); the spin-1 pseudo-vector oper-
ator ξν in (7) is defined as

ξν =
1

2
iενλρσβ

λβρβσ , (8)

where ενλρσ is the Levi-Civita symbol in four dimensions.
Now we need to find the explicit form of the vector A′ in
(7). To do this, first we write (3) for φ0 in terms of φ:

(iβν∂ν −m) e
iξ3
∫ r A′ drφ= 0 . (9)

Then the equivalence of (6) and (9) can be obtained by im-
posing the following two conditions:

e−iξ3
∫ r A′ drβνeiξ3

∫ r A′·dr = βν (10)

and

−βνξ3A
′
νφ=

1

2
µmSλρF

λρφ= µmS0lF
0lφ . (11)

By comparing (10) with the Baker–Hausdorff formula,

e−iλξ3βνeiλξ3 = βν +℘(−iλ)[ξ3, β
ν ]

+
1

2!
℘(−iλ)2 [ξ3, [ξ3, β

ν ]] . . . , (12)

one obtains
[
ξ3, β

ν
]
= 0; P in (12) stands for the path or-

dering of the integral in the phase. If ν �= 3 this commuta-
tion relation is automatically satisfied. For ν = 3, by using
(2) and (8), one finds that the commutator does not vanish.
Therefore in order to fulfill the first condition, the particle
is restricted to move in the x–y plane, that is, pz = 0. In
particular, ∂3φ= 0 and Â

′
3 = 0. From the second condition

(11), by using (2), (5) and (8), one obtains

A′1 =−2µmE2 , A
′
2 = 2µmE1 . (13)

Thus the AC phase for a neutral spin-1 particle moving
in a 2+1 space-time under the influence of a pure electric
field produced by a uniformly charged infinitely long fila-
ment perpendicular to the plane is

φAC = ξ3

∮
A′dr= 2µmξ3

∮
(E1dx2−E2dx1)

= 2µmξ3ε
lk

∮
El dxk . (14)

The above equation can also be written as in [12]:

φAC = ξ3

∮
A′dr= ξ3

∫
S

(∇×A′)dS

= 2µmξ3

∫

S

(∇E)dS = 2µmξ3λe , (15)

where λe is the charge density of the filament. This spin-1
AC phase is a purely quantummechanical effect and has no
classical interpretation. One may note that the AC phase
for spin-1 particles is exactly the same as in the case of
spin-1/2, except that the spin and spinor have changed.
The factor of two shows that the phase is twice that ac-
cumulated by a spin-1/2 particle with the same magnetic
dipole moment coupling constant, in the same electric field.

3 AC effect for spin-1 particles on
a non-commutative space

On a NC space the coordinate and momentum opera-
tors satisfy the following commutation relations (we take
h̄= c= 1 unit):

[x̂i, x̂j ] = iΘij , [p̂i, p̂j ] = 0 , [x̂i, p̂j ] = iδij , (16)

where Θij is an element of an antisymmetric matrix; it
is related to the energy scale and it represents the non-
commutativity of the NC space; x̂i and p̂i are the coordi-
nate and momentum operators on a NC space.
By replacing the usual product in (6) with a star prod-

uct (Moyal–Weyl product), the Kemmer equation for
a spin-1 neutral particle with a magnetic dipole moment
µm, on the NC space, can be written as

(
iβν∂ν +

1

2
µmSλρF

λρ−m

)
∗φ= 0 . (17)
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The star product between two functions is defined by

(f ∗ g)(x) = e
i
2Θij∂xi∂xj f(xi)g(xj)

= f(x)g(x)+
i

2
Θij∂if∂jg

∣∣∣∣
xi=xj

+O(Θ2) .

(18)

Here f(x) and g(x) are two arbitrary functions.
On a NC space the star product can be changed into an

ordinary product by a Bopp shift, that is, by shifting the
coordinates xν by

xν → x̂ν = xν −
1

2
Θνλp

λ . (19)

Now, let us consider the non-commutative Kemmer equa-
tion (17). To replace the star product in (17) with an ordi-
nary product, the Fνλ must, up to the first order of the NC
parameter Θ, be shifted [6] as

Fνλ→ F̂νλ = Fνλ+
1

2
Θρσpρ∂σFνλ , (20)

which is equivalent to a Bopp shift (19). Then the Kemmer
equation on a NC space has the form

(
iβν∂ν +

1

2
µmSλρF̂

λρ−m

)
φ= 0 . (21)

In a similar way as in the commuting space, the solution of
the above equation can also be written as

φ= e−iξ3
∫ r Â′ drφ0 . (22)

To determine Â′ we write the free Kemmer equation as

(iβν∂ν −m) e
iξ3
∫ r Â′ drφ= 0 . (23)

The equivalence of (21) and (23) gives the following two
conditions:

e−iξ3
∫ r Â′ drβνeiξ3

∫ r r̂′ dr = βν (24)

and

−βνξ3Â
′
νφ=

1

2
µmSλρF̂

λρφ= µmS0lF̂
0lφ . (25)

By using the Baker–Hausdorff formula, (12), the first con-
dition (24) implies that [ξ3, β

ν ] = 0. If ν �= 3, then this com-
mutation relation is automatically satisfied. For ν = 3, by
using (2) and (8), one finds that the commutator does not
vanish. Therefore in order to fulfill the first condition we re-
strict ourselves to 2+1 space-time. In particular, ∂3φ= 0
and Â′3 = 0. From the second condition (25), by using (2),
(5) and (8), one obtains

Â′1 =−2µmF̂
02 =−2µmF

02−2µm
1

2
Θijpi∂jF

02

=−2µmE2−µmθε
ijpi∂jE2 ,

Â′2 = 2µmF̂
01 = 2µmF

01+2µm
1

2
Θijpi∂jF

01

= 2µmE1−µmθε
ijpi∂jE1 , (26)

with Θij = θεij , Θ0µ = Θµ0 = 0; εij =−εji and ε12 =+1.
Thus the AC phase for a neutral spin-1 particle moving
in a 2+1 non-commutative space under the influence of
a pure electric field produced by a uniformly charged in-
finitely long filament perpendicular to the plane is

φ̂AC = ξ3

∮
Â′dr= 2µmξ3ε

lk

∮
El dxk

+µmξ3θε
ijεlk

∮
pi∂jEl dxk . (27)

In a similar way as in the spin-12 case [6, 8], the momen-
tum on a NC space for a spin-1 neutral particle can also be
written as

pi =mvi+(E×µ)i+O(θ) , (28)

where µ= 2µmS, and S is the spin operator of spin-1. By
inserting (28) into (27), we have

φ̂AC = φAC+ δφNCS , (29)

where φAC is the AC phase in (14) on a commuting
space; the additional phase δφNCS, related to the non-
commutativity of space, is given by

δφNCS = µmξ3θε
ijεlk

∮
[ki− (µ×E)i]∂jEl dxk ,

(30)

where ki =mvi is the wave number; ξ3 represents the spin
degrees of freedom. If the spin of the neutral particle is
along the z direction, namely, µ = 2µms3k̂, where k̂ is
a unit vector in the z direction, then our results here are the
same as the result of [9], where the star product calculation
has been used.

4 AC effect for spin-1 particles on
a non-commutative phase space

In Sect. 3 we have investigated the AC effect for a neutral
spin-1 particle on a NC space, where space–momentum,
and space–space are non-commuting, but momentum–mo-
mentum are commuting. Bose–Einstein statistics in non-
commutative quantum mechanics requires both space–
space and momentum–momentum to be non-commuting.
The NC space with non-commuting momentum–momen-
tum is called NC phase space. In this section we study the
AC phase on a NC phase space. On a NC phase space, the
commutation relation in (16) should be replaced by

[p̂i, p̂j ] = iΘ̄ij , (31)

where Θ̄ is the antisymmetric matrix, and its elements
represent the non-commutative property of the momenta.
Then the Kemmer equation for the AC problem on a NC
phase space has the form

(
−βνpν+

1

2
µmSλρF

λρ−m

)
∗φ= 0 . (32)
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The star product in (32) on a NC phase space can be re-
placed by the usual product in two steps; first we need to
replace xi and pi by a generalized Bopp shift as

xν → x̂ν = αxν −
1

2α
Θνλp

λ ,

pν → p̂ν = αpν +
1

2α
Θ̄νλx

λ , (33)

where α is the scaling parameter, and it is related to the
non-commutativity of the phase space via ΘΘ̄ = 4α2(α2−
1) ·I, where I is a unit matrix. Then we also need to rewrite
the shift in (20) as

Fνλ→ F̂νλ = αFνλ+
1

2α
Θρσpρ∂σFνλ . (34)

Thus the Kemmer equation for the AC problem on a NC
phase space has the form

(
−βν p̂ν +

1

2
µmSλρF̂

λρ−m

)
φ= 0 . (35)

Since α �= 0, the above equation can be written as
(
−βνpν−

1

2α2
βνΘ̄νλx

λ+
1

2
µmSλρ

×

(
Fλρ+

1

2α2
Θστpσ∂τF

λρ

)
−m′

)
φ= 0 , (36)

where m′ =m/α. We write the above equation in the fol-
lowing form:

(−βνpν −m
′) e

i
2α2

∫ r Θ̄νλx
λ dxν+iξ3

∫ r Â′ dr
φ= 0 .

(37)

To have equivalence of (36) and (37), we impose the follow-
ing two conditions:

e−iξ3
∫ r Â′ drβνeiξ3

∫ r Â′ dr = βν (38)

and

−βνξ3Â
′
νφ=

1

2α
µmSλρF̂

λρφ=
µm

α
S0lF̂

0lφ . (39)

In an analogous way as in NC space, from (38) and (39) one
may obtain

Â′1 =−
2µm
α
F̂ 02 =−2µmF

02−2µm
1

2α2
Θijpi∂jF

02

=−2µmE2−
µmθ

α2
εijpi∂jE2 ,

Â′2 =
2µm
α
F̂ 01 = 2µmF

01+2µm
1

2α2
Θijpi∂jF

01

= 2µmE1+
µmθ

α2
θεijpi∂jE1 ,

Â′3 = 0 . (40)

Thus the AC phase for a neutral spin-1 particle moving in
a 2+1 non-commutative phase space under the influence

of a pure electric field produced by a uniformly charged in-
finitely long filament perpendicular to the plane is given by

ϕ̂AC =
1

2α2

∮
Θ̄νλx

λdxν + ξ3

∮
Â′dr

=
θ

2α2

∮
εijxj dxi+2µmξ3ε

lk

∮
El dxk

+µmξ3
θ

α2
εijεlk

∮
pi∂jEl dxk . (41)

By pi = k
′
i+(E×µ)i+O(θ), k

′
i =m

′
ivi, with µ = 2µmS,

one obtains

ϕ̂AC = φAC+ δφNCS+ δφNCPS , (42)

where φAC is the AC phase in (14) on a commuting space;
δφNCS is the space–space non-commuting contribution to
the AC phase in (14), and its explicit form is given in (30);
the last term δφNCPS is the momentum–momentum non-
commuting contribution to the AC phase in (14), and it has
the form

δφNCPS =
θ̄

2α2

∮
εijxj dxi+

(
1

α2
−1

)
µmξ3θε

ijεlk

×

∮
[k′i− (µ×E)i] ∂jEl dxk , (43)

which represents the non-commutativity of the momenta.
The first term in (43) comes from the momentum–momen-
tum non-commutativity; the second term is a velocity de-
pendent correction, which does not have the topological
properties of the commutative AC effect and could modify
the phase shift; the third term is a correction to the vortex; it
does not contribute to the line spectrum. In the two dimen-
sional non-commutative plane, Θ̄ij = θ̄εij , and the two NC
parameters θ and θ̄ are related by θ̄ = 4α2(1−α2)/θ [11].
When α = 1, which leads to θ̄ij = 0, the AC phase on a NC
phase space case reduces to the AC phase on a NC space
case, i.e. δφNCPS = 0 and (42) changes into (29).

5 Conclusions

In this paper in order to study the AC effect both on
a non-commutative space and on a non-commutative phase
space, we use the shift method, instead of the star prod-
uct formulation. Our shift method is equivalent to the star
productmethod, i.e., the Kemmer equation with star prod-
uct can be replaced by a Bopp shift together with the shift
that we defined in (20) for a NC space and in (34) for
a NC phase space. The additional AC phase in (29) on
a NC space is the same as the result of [9], where the star
product method has been used. Furthermore, by consid-
ering the momentum–momentum non-commutativity we
obtained the NC phase space corrections to the topological
phase of the AC effect for a spin-1 neutral particle.We note
that the corrections (30) and (43) to the topological phase
(14) or (15) of the AC effect for a spin-1 neutral particle
both on a NC space and a NC phase space can be ob-
tained from spin-1/2 corrections through the replacement
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1
2γ
0σ12 −→ ξ3. One may conclude that, apart from the spin

operators, the AC phase for a higher spin neutral particle
is the same as in the cases of spin-1/2 and spin-1 in non-
commutative quantum mechanics.
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